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Abstract— Bit-interleaved coded modulation with iter-
ative decoding (BICM-ID) is a transmission scheme with
excellent performance on fading channels. A key design
element, especially regarding the asymptotic performance
of the BER, is the mapping of the bit patterns to the
elements of the signal constellation set. In this paper we
present mappings and new non-regular signal constella-
tion sets with superior asymptotic performance. These
proposed mappings use signal constellation sets with less
elements than the number of bit patterns to be transmitted
and an appropriate assignment of the bit patterns to
them. The puncturing introduced by the not one-to-one
relation between assigned bit patterns and the elements of
the signal constellation set is compensated by the usage
of extrinsic information obtained in the iterations. The
convergence behavior is confirmed by EXIT charts. We
further show the theoretical limits for the improvement
of BICM-ID by this technique.

I. INTRODUCTION

In digital communications the transmitted signal is
often affected by fast fading due to, e.g., multi-path
propagation. Bit-interleaved coded modulation (BICM)
[1], [2] is a band-width efficient coded modulation
scheme which increases the time-diversity and con-
sequently improves the performance on memoryless
Rayleigh fading channels.

The key element of BICM is the serial concatenation
of channel encoding, bit-interleaving, and multilevel
modulations at the transmitter. The respective receiver
comprises demapping by metric computation, deinter-
leaving, and channel decoding. The bit-interleaving is
the major difference to trellis-coded modulation (TCM)
[3], which uses symbol-wise interleaving and gives
better results on non-fading Gaussian channels. BICM
shows superior performance on fading channels since
the bit-wise deinterleaver separates the coded bits of a
channel symbol, which is distorted by fading.

To further increase the performance of BICM in
[4], [5], [6] a feedback loop is added to the decoder,
which results in a turbo-like decoding process [7], [8].
This new scheme is known as BICM with iterative
decoding (BICM-ID). A similar approach is presented
in [9]. Another key element of BICM-ID is the usage of
non-Gray mappings in the modulator, since only with
these a significant improvement by the iterations can be
achieved. By mapping we will denote the whole design

process of locating the possible positions of the channel
symbols in the signal space, the signal constellation set,
and assigning the possible bit patterns to these symbols.

In this paper we will develop fundamentally new
mappings with non-regular signal constellation set to
improve the capabilities of BICM-ID. These mappings
owe their superior performance to a relation between
channel symbols and assigned bit-patterns which is
not one-to-one and unequally distributed positions of
the channel symbols in the signal space. The achiev-
able performance gains are demonstrated by simula-
tions. The convergence behavior is verified by EXIT
charts [10], [11], [12]. Additionally a theoretical limit
for the improvement of BICM-ID by the proposed
technique is derived.

II. THE BICM-ID SYSTEM

Fig. 1 depicts the baseband model of the BICM-ID
system used in this paper. The data bits u are encoded
by a standard non-systematic feed-forward convolu-
tional encoder. The resulting encoded bits are grouped
consecutively into bit patterns xt =[x

(1)
t , ... x

(I)
t ], where

x
(i)
t denotes the ith bit in the bit pattern at time index t,

t=1, ... T . I is the number of bits that will be mapped
to one channel symbol later on, e.g., I = 3 in case of
8PSK (phase shift keying).
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Fig. 1. Baseband model of the BICM-ID system.

Afterwards the bit patterns xt are permuted by a
pseudo-random block interleaver to x̃t =[x̃

(1)
t , ... x̃

(I)
t ].

The interleaving is done bit-wise in the time domain t,
meaning that each bit x

(i)
t of xt is interleaved separately

to different symbols x̃t, which are far apart in time.
Note that the position i of a bit in a bit pattern is not
changed. Therefore, the interleaver practically consists



of I separate different sub-interleavers, one for each of
the I bit positions [1], [6].

The modulator maps an interleaved bit pattern x̃t

according to a mapping rule µ to a complex channel
symbol yt out of the signal constellation set Y

yt = µ(x̃t) . (1)

The respective inverse relation is denoted by µ−1, with

x̃t = µ−1(yt) = [µ−1(yt)
(1), ... µ−1(yt)

(I)] . (2)

The channel symbols are normalized to an average
energy of E{‖yt‖

2}=1.
On the channel the transmitted symbols yt are

faded by the Rayleigh distributed coefficients at with
E{‖at‖

2} = 1. In this paper we assume that these
coefficients are known at the receiver, i.e., perfect
knowledge of the channel state information (CSI). The
effect of imperfect CSI on BICM-ID has been studied
in [13], [14]. Next, complex white Gaussian noise
nt = n′

t + jn′′
t with a known power spectral density

of σ2
n =N0 (σ2

n′ =σ2
n′′ =N0/2) is added. Thus, the

received channel symbols zt can be written as

zt = atyt + nt . (3)

At the receiver in each iteration for each bit x̃
(i)
t of a

transmitted bit pattern x̃t the two metrics λ̃0(x̃
(i)
t ) and

λ̃1(x̃
(i)
t ) are generated [6]

λ̃b

(

x̃
(i)
t

)

= P
(

x̃
(i)
t = b|zt

)

∼
∑

ŷ∈Yi

b

P (ŷ|zt)

∼
∑

ŷ∈Yi

b

P (zt|ŷ)P (ŷ) , (4)

with b = 0, 1 for each i = 1, ... I . A metric λ̃b(x̃
(i)
t )

consists of the sum over all possible channel symbols
ŷ for which the ith bit of the corresponding bit pattern
x̃=µ−1(ŷ) is b. These channel symbols form the subset
Y i

b with Y i
b ={µ([x̃(1), ... x̃(I)])|x̃(i) =b}. The condi-

tional probability density P (zt|ŷ) is given by

P (zt|ŷ) =
1

πσ2
n

exp

(

−
‖zt − atŷ‖

2

σ2
n

)

. (5)

The probability P (ŷ) in (4) is the feedback computed
later on in the decoding process. It contains the obtained
a priori knowledge on the transmitted channel symbols.
In the first iteration, when no feedback is available, the
P (ŷ) are set as equiprobable.

Afterwards the metrics vectors λ̃b are appro-
priately deinterleaved to λb. Finally the λb are
fed into a Soft-Input Soft-Output (SISO) chan-
nel decoder [15], which computes the probabilities
P (x̂

(i)
t =b),P (x̂

(i)
t =b|λ0, λ1) of the encoded bits x

(i)
t

in addition to the estimated decoded data bits û.
For the next iteration the P (x̂

(i)
t ) are interleaved

again to P (ˆ̃x
(i)
t ). A large block size T and an appropri-

ately designed interleaver ensure the independence of

the P (ˆ̃x
(i)
t ) of one symbol ˆ̃xt. Thus, the feedback input

P (ŷ) of the metric computation can be determined as

P (ŷ) = P
(

µ(ˆ̃x)
)

=

I
∏

j=1

P
(

ˆ̃x(j) = µ−1(ŷ)(j)
)

,

(6)

which results in the new extrinsic metric [6]

λ̃E
b

(

x̃
(i)
t

)

∼
∑

ŷ∈Yi

b

P (zt|ŷ)

I
∏

j=1,j 6=i

P
(

ˆ̃x
(j)
t = µ−1(ŷ)(j)

)

.

(7)

The metric is extrinsic since the feedback probability
of the bit x̃

(i)
t itself is excluded, j 6= i.

III. PERFORMANCE ANALYSIS

A performance bound of the bit-error rate (BER) Pb

of BICM on Rayleigh fading channels was derived in
[2]. The asymptotic behavior of Pb can be described by

log10 Pb≈
−dH(C)

10

[

(

R·d̄2
h(µ)

)

dB+

(

Eb

N0

)

dB

]

+const.

(8)

The minimum Hamming distance dH (C) of the code
defines the slope of the bound. d̄ 2

h (µ) is the harmonic
mean of the minimum squared Euclidean distances of
the mapping µ. The product of the information rate R
and the harmonic mean d̄ 2

h(µ) determines an Eb/N0

offset of the bound, i.e., a horizontal offset in a BER
vs. Eb/N0 plot. For a mapping with I bits the harmonic
mean d̄ 2

h (µ) is given by

d̄ 2
h (µ) =





1

I2I

I
∑

i=1

1
∑

b=0

∑

y∈Yi

b

1

‖y − ȳ‖2





−1

, (9)

where ȳ∈Y i
b denotes the nearest neighbor of y in the set

Y i
b, which is the complementary set to Y i

b, Y i
b =Y\Y i

b.
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Fig. 2. 8PSK-Gray mapping [6] with signal-pair distances ‖y−ȳ‖2

for d̄ 2
h
(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1

On the right side of Fig. 2 the minimum
squared Euclidean distances ‖y−ȳ‖2 of Gray mapped
8PSK used in (9) are depicted. Black dots denote
x̃(i) =µ−1(y)(i) =1 and white dots x̃(i) =µ−1(y)(i) =0.
If we assume, e.g., i=1 and b=0 in the two outer
sums of (9) we get for the inner sum y∈Y1

0 . The
subset Y1

0 contains the channel symbols with the bit
patterns x̃∈{[000], [001], [010], [011]}. Thus, the in-
ner summation comprises all channel symbols with
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Fig. 3. 8PSK-Gray mapping [6] with signal-pair distances ‖y−y̌‖2

for ď 2
h
(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1.
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Fig. 4. 8PSK-SSP mapping [6] with signal-pair distances ‖y−y̌‖2

for ď 2
h
(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1.

x̃(1) = 0, i.e., all white dots in the left of the three
signal spaces. For each of these channel symbols y (or
white dots) we search for the nearest channel symbol
ȳ∈Y i

b, i.e., the black dot with the minimum squared
Euclidean distance. For, e.g., y∈{µ([000]), µ([001])}
this is ȳ=µ([100]) and for y∈{µ([010]), µ([011])} we
get ȳ=µ([110]). Thus, we can calculate the minimum
squared Euclidean distances ‖y−ȳ‖2. The solid lines
in the three signal spaces on the right side of Fig. 2 shall
indicate that the respective Euclidean distances are used
twice in the computation of the harmonic mean d̄ 2

h (µ)
in (9), while Euclidean distances with dashed lines are
used only once.

For the bound of the iterative case with BICM-ID we
assume error-free feedback (EFF) [6], i.e., we assume
that the feedback P (ŷ) for all bits except the one cur-
rently considered is correct with perfect reliability (best
case). In a real system this assumption is obviously not
fulfilled for a low Eb/N0, but, as simulations will show,
the bound can be reached at a high Eb/N0. When using
the extrinsic information in the EFF we do not use the
nearest neighbor ȳ anymore, but we use the possibly
different channel symbol y̌, for which the rest of the
corresponding bit pattern x̃=µ−1(y̌) matches the EFF,
i.e., y̌ possesses the identical bit pattern as y except
for an inverted bit at position i. For example, if i=1
and y=µ([001]) the assumed feedback is x̃(2) =0 and
x̃(3) =1, resulting in y̌=µ([101]). In some cases y̌ and
ȳ can be identical. When replacing ȳ by y̌ in (9) we
get a new harmonic mean [6]

ď 2
h(µ) =





1

I2I

I
∑

i=1

1
∑

b=0

∑

y∈Yi

b

1

‖y − y̌‖2





−1

, (10)

which has to be used in (8) instead of d̄ 2
h(µ) to obtain

the bound for the iterative case [6]. The right side of
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Fig. 5. α-6PSKI=3 mapping with signal-pair distances ‖y−y̌‖2

for ď 2
h
(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1.
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Fig. 6. α-4PSKI=3 mapping with signal-pair distances ‖y−y̌‖2

for ď 2
h
(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1.

Fig. 3 depicts the squared Euclidean distances ‖y−y̌‖2

of Gray mapped 8PSK. Note that some Euclidean
distances have been slightly increased with respect to
Fig. 2, e.g., for i=1 and y=µ([001]) the corresponding
other channel symbol changed from ȳ=µ([100]) to
y̌=µ([101]).

Since for a constant information rate R the har-
monic means d̄ 2

h(µ) and ď 2
h (µ) define the horizontal

offset in the computation of the bound in (8) a high
d̄ 2

h (µ) or ď 2
h (µ) is an indicator for a good asymptotic

performance with non-iterative resp. iterative BICM.
In the non-iterative BICM case Gray mappings have
the largest d̄ 2

h(µ). But for BICM-ID other mappings
with a significantly larger ď 2

h (µ) than the one of the
respective Gray mapping exist. They can outperform
Gray mapping in the iterations at high Eb/N0. The ratio
(ď 2

h (µ)/d̄ 2
h (µ)[max])dB is called the offset gain [6] and

describes the possible gain of BICM-ID with a certain
mapping with respect to optimum Gray-mapped BICM.
Therefore, in this paper ď 2

h (µ) and the corresponding
offset gain will serve as the key indicators for the
evaluation of the theoretically achievable performance
of the new and some known mappings with BICM-ID.

Mappings with regular 8PSK signal constellation
sets were investigated in [6]. Semi Set-Partitioning
(SSP) mapping depicted in Fig. 4 has the largest
ď 2

h (8PSK-SSP)=2.877, which yields an offset gain
of 5.74 dB in relation to Gray mapped 8PSK BICM
(d̄ 2

h (µ)
[max]
I=3 =0.766) in Fig. 2.

IV. NON-REGULAR SIGNAL CONSTELLATION SETS

To further increase the offset gain, respectively im-
prove the asymptotic performance, we propose the
usage of new mappings µ with signal constellation sets
with less than the usual 2I different channel symbols y
for bit patterns x̃ with I bits and an unequal distribution
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Fig. 7. 4PSK-Gray mapping with signal-pair distances ‖y−y̌‖2 for
ď 2
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(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1.
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Fig. 8. α-4PSKI=2 mapping with signal-pair distances ‖y−y̌‖2

for ď 2
h
(µ). ◦ ↔ x̃(i) =0 and • ↔ x̃(i) =1.

of the channel symbols in the signal space. Reducing
the number of channel symbols y is a contrary strategy
as in TCM, which expands the signal constellation sets
by increasing the number of channel symbols [3]. In
the following we discuss different examples for these
non-regular signal constellation sets. The obtained nu-
merical values for ď 2

h (µ) and the corresponding offset
gains are summarized in Tables I and II. To simplify
notations the time index t is omitted throughout this
section.

A. α-6PSK mapping for I =3

First, we consider the mapping depicted in Fig. 5,
which maps 2I=3 = 8 different bit patterns x̃ to
6 channel symbols y and which will be denoted as
α-6PSKI=3 mapping. The angle α defines the angle
between certain channel symbols on the unit circle with
respect to the origin. Thus, by changing α different
mappings can be obtained. With this α-6PSKI=3 map-
ping twice two bit patterns x̃ are mapped to the same
channel symbol y, i.e., x̃1,2 =[010], [100]⇒y=−1 and
x̃1,2 =[011], [101]⇒y=+1. In the first iteration this
results in an automatic partial puncturing of the terms
P (z|ŷ)P (ŷ) in the metric computation in (4). At the
bit positions i where the bit patterns differ, x̃

(i)
1 6= x̃

(i)
2 ,

the terms P (z|ŷ)P (ŷ) with ŷ1,2 =µ(x̃1,2) are dis-
tributed equally weighted to λ̃0(x̃

(i)) and λ̃1(x̃
(i)), since

P (ŷ1)=P (ŷ2). This partial puncturing of the metrics
implies a severe degradation of the performance in the
initial iteration.

However, if the Eb/N0 is sufficiently high the decoder
can cope the introduced puncturing and generates im-
proving feedback P (ŷ). This feedback will be different
for x̃1 and x̃2, P (µ(x̃1)) 6=P (µ(x̃2)), and thus it
improves the metric computation by compensating (or
reducing) the partial puncturing.

At high Eb/N0 and a sufficient number of iterations
the feedback may finally converge to EFF, the necessary
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assumption for the computation of ď 2
h(µ) in (10). If the

two bit patterns assigned to a channel symbol differ at
a certain bit i, x̃

(i)
1 6= x̃

(i)
2 , this is designated by the

partial black, partial white dots as in the left and middle
signal spaces in Fig. 5. Also some Euclidean distances
are used four times in (10), indicated by two parallel
solid lines as in the right signal space in Fig. 5.

For the angles α=60◦ and α=45◦ we
get with (10) ď 2

h(60◦-6PSKI=3)=3.273 and
ď 2

h (45◦-6PSKI=3)=3.589, translating to offset
gains of 6.30 dB resp. 6.71 dB, which are higher
than the one of 8PSK-SSP mapping. Thus, the two
α-6PSKI=3 mappings will outperform 8PSK-SSP
mapping by 0.56 dB resp. 0.97 dB when the Eb/N0

is such high that in both cases the bound is reached.
Note, in case a relatively high target BER is given,
the mapping with the largest offset gain may not be
the best choice, since it might only be superior at a
BER below the target BER. Further note that the (in
this case two) x̃ mapped to one y must differ in at
least two bits, since otherwise for a single different
bit i, we would have y̌ = y at this bit, resulting in
ď 2

h (µ) = 0. The extrinsic feedback information for
the single different bit being 0 or 1 would be always
identical.

B. α-4PSK mapping for I =3

Next, we will still consider a mapping for 2I=3 =8
different bit patterns, but further reduce the number
of channel symbols y to 4. A possible layout for
the signal constellation set and the bit assignment is
the α-4PSKI=3 mapping depicted in Fig. 6. In case
of α=90◦ the signal constellation set is identical to
the one of regular QPSK. With this mapping two bit
patterns x̃ are assigned to every channel symbol y.
Thus, all channel symbols are subject to the automatic
partial puncturing in the first iteration introduced by
the non-regular signal constellation sets. Since for all
channel symbols y the only common bit of the two
corresponding bit patterns x̃ is the first bit x̃(1), the
two remaining bits x̃(2) and x̃(3) are always initially
punctured with this mapping. Thus, in the first decoding
cycle two out three bits are punctured, which yields a
very poor performance in this first iteration.

Nevertheless, at high Eb/N0 strong channel codes can
compensate this puncturing in the succeeding iterations
as described in Section IV-A. For a 90◦-4PSKI=3 map-
ping, i.e., using the channel symbols of regular QPSK,



TABLE I
ď 2

h
AND OFFSET GAINS FOR MAPPINGS WITH I =3 BITS.

mapping µ ď 2
h
(µ) offset gain

8PSK-Gray [6] (Fig. 3) 0.810 0.24 dB

8PSK-SSP [6] (Fig. 4) 2.877 5.74 dB

90◦-4PSKI=3 (Fig. 6, α=90◦) 3 5.93 dB

60◦-6PSKI=3 (Fig. 5, α=60◦) 3.273 6.30 dB

45◦-6PSKI=3 (Fig. 5, α=45◦) 3.589 6.71 dB

45◦-4PSKI=3 (Fig. 6, α=45◦) 3.784 6.93 dB

BPSK bound (Figs. 5 and 6, α→0◦) 4 7.18 dB

we obtain with (10) a ď 2
h(90◦-4PSKI=3)=3 and an

offset gain of 5.93 dB. Thus, the 90◦-4PSKI=3 map-
ping will not surpass the two exemplary α-6PSKI=3

mappings presented above. The relatively small Eu-
clidean distances d2 of the first bit dominate the
computation of ď 2

h . But if α is similarly reduced
to α = 45◦, the offset gain increases to 6.93 dB,
with ď 2

h (45◦-4PSKI=3)=3.784, due to the larger d2.
Therefore, the 45◦-4PSKI=3 mapping outperforms
the 45◦-6PSKI=3 mapping by approximately 0.2 dB,
at least asymptotically. In the initial iterations the
situation is of course vice-versa, since in case of
45◦-4PSKI=3 mapping more bits are automatically
punctured.

C. α-4PSK mapping for I =2

For the case of transmitting I = 2 bits per channel
symbol the baseline system uses Gray mapping with
a regular 4PSK (or QPSK) signal constellation set as
presented in Fig. 7. With this mapping the maximum
d̄ 2

h (µ) for I =2 is obtained, d̄ 2
h (µ)

[max]
I=2 =2. Thus, this

mapping gives the best performance for the case of
non-iterative BICM. But, since the Euclidean distances
of the signal-pairs are also the minimum distances as
visible in the right part of Fig. 7, no improvement is
possible by adding iterations. Analytically this fact is
substantiated by ď 2

h (4PSK-Gray)=2, resulting in an
offset gain of 0 dB. Also by introducing an angle α as
above this mapping cannot be improved. A larger d2,
e.g., would imply a smaller d1, leading to a decreasing
harmonic mean ď 2

h (µ).
An iterative gain can be obtained, e.g., by changing

the labeling of the channel symbols to Anti-Gray as
in the α-4PSKI=2 mapping in Fig. 8. Now, the Eu-
clidean distances of the signal-pairs for bit x̃(2) are
larger than the minimum distance. Thus, this differ-
ence can be explored in the iterations. If the position
of the channel symbols remains unchanged with re-
spect to 4PSK-Gray mapping, i.e., α = 90◦, we get
ď 2

h (90◦-4PSKI=2)=2.667 and a corresponding offset
gain of 1.25 dB.

This α-4PSKI=2 mapping can also be additionally
improved in terms of offset gain by reducing α. In
contrast to 4PSK-Gray mapping an increasing d2 does

TABLE II
ď 2

h
AND OFFSET GAINS FOR MAPPINGS WITH I = 2 BITS.

mapping µ ď 2
h
(µ) offset gain

4PSK-Gray (Fig. 7) 2 0 dB

90◦-4PSKI=2 (Fig. 8, α=90◦) 2.667 1.25 dB

120◦-3PSKI=2 (Fig. 9, α=120◦) 3 1.76 dB

45◦-4PSKI=2 (Fig. 8, α=45◦) 3.684 2.65 dB

65◦-3PSKI=2 (Fig. 9, α=65◦) 3.687 2.66 dB

45◦-3PSKI=2 (Fig. 9, α=45◦) 3.922 2.93 dB

BPSK bound (Figs. 8 and 9, α→0◦) 4 3.01 dB

not affect the other distances in the harmonic mean
ď 2

h (µ), since in the harmonic mean computation of (10)
the distance d1 is not used anymore. As an example
we consider α = 45◦. With ď 2

h (45◦-4PSKI=2)=3.684
the resulting offset gain of 2.65 dB of 45◦-4PSKI=2

mapping is more than twice the one of 90◦-4PSKI=2

mapping.
Since with any α-4PSKI=2 mapping still only one

bit pattern x̃ is assigned to each channel symbol y there
is no automatic puncturing in the first iteration for this
mapping. Thus, only a medium performance degrada-
tion in the first iteration can be expected, implying that
relatively few iterations are necessary to explore the
achievable offset gain.

D. α-3PSK mapping for I =2

For a reduced number of three allowed channel
symbols for the case of I = 2 we propose the
α-3PSKI=2 mapping depicted in Fig. 9. Note, with
this α-3PSKI=2 mapping the channel symbol y = +1
is completely punctured in the first iteration since the
assigned bit patterns are entirely different. Equally
distributed channel symbols, i.e., α=120◦, result in
ď 2

h (120◦-3PSKI=2)=3 and an offset gain of 1.76 dB,
surpassing the 90◦-4PSKI=2 mapping with also equally
distributed, but not multiple used channel symbols by
about 0.5 dB.

If an identical angle of α=45◦ is used for
α-3PSKI=2 mapping and α-4PSKI=2 mapping this
gap reduces to approximately 0.3 dB since for
45◦-3PSKI=2 mapping the offset gain computes as
2.93 dB with ď 2

h (45◦-3PSKI=2)=3.922.
For comparison of a α-3PSKI=2 mapping and

a α-4PSKI=2 mapping with identical offset gains
a 65◦-3PSKI=2 mapping can be used, which has
with ď 2

h (65◦-3PSKI=2)=3.687 and an correspond-
ing offset gain of 2.66 dB similar values as the
45◦-4PSKI=2 mapping.

E. BPSK mapping for I ≥ 2

Reducing the number of possible channel symbols y
to 2, i.e., using a regular BPSK signal constellation
set, is not feasible since no bit pattern assignment
for I≥2 exists which does not violate one of the
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two necessary conditions for the bit patterns x̃ of the
channel symbols y. On the one hand the bit patterns
assigned to one channel symbols must differ in at least
2 positions, because otherwise ď 2

h (µ)=0, as described
in Section IV-A. On the other hand at least for some
channel symbols the assigned bit patterns must have
common bits, since otherwise all bits are automatically
punctured in the first iteration and no usable feedback
can be generated.

V. THEORETICAL LIMIT

In this section we derive the theoretical maximum
offset gain. First a system with I =3 bits per channel
symbol is considered. For the extreme case of α→0 in
Figs. 5 and 6, this results on the one hand in d1 → 0,
meaning that Eb/N0→∞ is required to have improving
feedback. On the other hand, looking at the asymptotic
performance with EFF, we have d2→2 which yields in
ď 2

h (µ)→4. The corresponding offset gain is 7.18 dB.
With EFF all signal-pairs resemble now a BPSK signal
constellation set with y = ±1. This is obviously the
best possible case for a symbol energy of Es = 1
and therefore a bound for the obtainable offset gain
with BICM-ID and I =3. Due to the similarity of the
signal constellation sets we will denote this bound in
the following as BPSK bound.

Obviously, the value ď 2
h (µ) = 4 marks an upper

limit also for systems with I 6= 3. The corresponding
maximum achievable offset gain, however, additionally
depends on d̄ 2

h(µ)[max], which differs for different
values of I and is usually achieved with Gray or near-
Gray mappings. For I = 2 a theoretically maximum
possible offset gain of 3.01 dB can be obtained with
d̄ 2

h (µ)
[max]
I=2 = d̄ 2

h(4PSK-Gray)=2.

VI. NUMERICAL AND SIMULATION RESULTS

Table I lists the ď 2
h (µ) and the respective offset

gains for the mappings with I = 3 considered in this
paper. The calculation of the offset gains is based
on d̄ 2

h (µ)
[max]
I=3 =0.766 for Gray-mapped 8PSK. Note

that an increase in ď 2
h (µ) and especially the usage of

non-regular signal constellation sets usually inflicts a
performance degradation in the first iteration and a
higher Eb/N0 at which the asymptotic bound is reached.

Fig. 10 depicts the results of a simulation comparing
8PSK-SSP mapping with the α-6PSKI=3 mappings.
Additionally as a reference the performance of BICM
with 8PSK-Gray mapping, i.e., the optimum mapping
for the non-iterative case, is included. The block size
is set to 12000 information bits per frame and 30 iter-
ations are performed. As channel code serves a 2-state,
rate-1/2 convolutional code with generator polynomials
{1,3} and dH(C)=3. This weak code was used since
with a low dH(C) the slope of the bound given in
(8) is relatively flat. Thus, the bound is reached at a
higher BER, which simplifies simulations. In the case
of Fig. 10 all mappings seem to have reached the bound
at a BER of ∼ 10−6. As visible in the enlargement
the horizontal offsets between the different mappings
approximately match the differences in the calculated
offset gains given in Table I, where 60◦-6PSKI=3 and
45◦-6PSKI=3 surpass 8PSK-SSP by 0.56 dB resp.
0.97 dB. Also the expected significant degradation in
performance of the α-6PSKI=3 mappings in the first
iteration can be observed. The bad performance of
45◦-4PSKI=3 mapping, the mapping with largest offset
gain in Table I, is due to the weak, rate-1/2 code used
for the simulations. The code is not strong enough to
generate usable feedback. Too many bits, two out of
three, are automatically punctured in the first iteration,
resulting in an effective code rate larger than 1.
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Table II contains a summary of the harmonic means
ď 2

h (µ) and the respective offset gains for the mappings
with I = 2 discussed in this paper. The offset gains
are computed with d̄ 2

h(µ)
[max]
I=2 =2. Fig. 11 depicts

simulation results for several of these mappings. Again,
the reference for the non-iterative case, i.e., BICM
with 4PSK-Gray mapping, is included. The simulation
parameters are identical to the ones given above for
Fig. 10, except that the number of iterations is limited
to 15. As visible, considerable improvements can be
achieved by non-regular signal constellation sets also
for I =2. 65◦-3PSKI=2 mapping does not reach exactly
the performance of 45◦-4PSKI=2 mapping, which has
an approximately equal offset gain. More iterations are
required for 65◦-3PSKI=2 mapping to reach its bound.

When comparing Figs. 10 and 11 it can be observed
that for similar simulation parameters, since the per-
formance bounds are reached the number of iterations
has no influence anymore, the mappings with I = 3
outperform the mappings with I = 2 in terms of BER
versus Eb/N0. This is a result of the significantly larger
offset gains that can be achieved with I =3 and implies
that, in contrast to BICM, for BICM-ID transmitting
fewer symbols with mappings with large I is superior
to the transmission of a lot of symbols with a small I .

VII. EXIT CHART ANALYSIS

EXIT (extrinsic information transfer) charts
[10], [11], [12] are a powerful tool to analyze the
convergence behavior of iterative systems which
utilize the Turbo principle, i.e., exchange and refine
extrinsic information [7], [8]. The capabilities of
the components, in our case the demodulator (DM)
and the SISO channel decoder (CD), are analyzed
separately by determining the mutual information
I [ext] between the extrinsic information and the data,

which is obtained by a component for a certain mutual
information I [apri] of input a priori information.
Since the extrinsic information of one component
serves as input a priori information for the other
component, the two resulting EXIT characteristics
are plotted in a single graph with swapped axes. The
EXIT characteristic of the demodulator, i.e., of the
considered mapping, depends on the Eb/N0 of the
channel, while the EXIT characteristic of the channel
decoder is independent of the Eb/N0 since it has no
access to the received channel symbols z.

In Fig. 12 EXIT characteristics for the mappings
used in Fig. 10 are presented for Eb/N0 =5.25 dB. As
visible the EXIT characteristic of 8PSK-Gray mapping
is almost horizontal, which prohibits gains by iterations.
The EXIT characteristics of the other mappings exhibit
noticeable slopes, allowing improvement by numerous
iterations except for the 45◦-4PSKI=3 mapping. For
the latter case the EXIT characteristics of demodulator
and channel decoder intersect at very low values of
mutual information I

[ext]
DM and I

[ext]
CD . For the 2-state,

rate 1/2 case the chosen generator polynomials {1,3}
are the only reasonable option. But for channel codes
with more states the generators polynomials can be
optimized by the EXIT chart to exhibit a similar
(with swapped axes) EXIT characteristic as the chosen
mapping.

The convergence behavior of the complete system
is demonstrated in EXIT charts by plotting the EXIT
trajectory (step-curve) of the exchanged extrinsic in-
formation. In Fig. 12 this EXIT trajectory is depicted
for the 60◦-6PSKI=3 mapping at Eb/N0=5.25 dB,
proving that despite the introduced non-regular signal
constellation sets with fewer channel symbols y than
possible bit patterns x̃ the proposed mappings feature
the usual iterative convergence behavior.
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The performance analysis in Section III and the
development of the non-regular signal constellation
sets in Section IV are not based on the convergence
behavior but the asymptotic behavior. To compute the
achievable offset gains the assumption of error-free
feedback (EFF) is made. In the EXIT charts this EFF
corresponds to I

[apri]
DM =1 for the EXIT characteristics

of the different mappings. Thus, information on the
asymptotic behavior should be available on the right
vertical axis, i.e., I [apri]

DM =1. However, to generate EFF
a channel code usually requires also I

[apri]
CD =1. Con-

sequently, the asymptotic behavior cannot be satisfac-
torily analyzed since the required EFF exists only in
the point I

[apri]
DM =I

[apri]
CD =1, the upper right corner of

the EXIT chart. Nevertheless, an initial statement on
the asymptotic behavior can be made by considering
the EXIT characteristics of the different mappings at
I

[apri]
DM =1. As depicted in the enlargement in Fig. 12,

already for Eb/N0 =5.25 dB the values for I
[ext]
DM at

I
[apri]
DM =1 are in the same order as the achievable offset

gains listed in Table I.

VIII. CONCLUSION

In this paper we extended the capabilities of iter-
atively decoded BICM by using fundamentally new
mappings with non-regular signal constellation sets.
These mappings have less channel symbols than pos-

sible bit patterns. Thus, more than one bit pattern may
be assigned to one channel symbol. Also the position
of the channel symbols are not necessarily equally
distributed anymore. By this technique larger offset
gains are achievable in comparison to previously known
mappings. Numerous mappings for systems with two or
three bits per channel symbol, i.e., for improvement of
QPSK and 8PSK baseline systems, are presented and
the theoretically obtainable performance gains demon-
strated by simulations. The convergence behavior is
verified by EXIT charts. Furthermore a bound for the
achievable improvement by this technique is derived.
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