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Abstract

The allpass transformation of multiple order is a very
general approach to design a frequency warped analysis-
synthesis filter-bank (AS FB) with non-uniform time-
frequency resolution. In the design process, the delay ele-
ments of the analysis filter-bank are substituted by allpass
filters of higher order to achieve a very flexible control over
its frequency selectivity. Analytical closed-form designs for
the synthesis filter-bank can ensure perfect reconstruction
(PR), but the synthesis subband filters are not necessarily
stable or exhibit a bandpass characteristic.

We tackle these problems by a constrained least-
squares error (CLS) design. The coefficients of the new
synthesis filter-bank are determined by a linear set of equa-
tions with linear constraints. The resulting synthesis filters
are stable and exhibit a distinctive bandpass characteristic.
Our design by linear programming can achieve an aliasing-
free, near-perfect signal reconstruction, where the signal
delay is an adjustable design parameter. These properties
make the proposed filter-bank of interest for subband pro-
cessing systems requiring non-uniform frequency bands.

1 Introduction

The allpass transformation is a well-known technique
to design a digital filter-bank with non-uniform time-
frequency resolution, e.g., [1-3]. Such frequency warped
filter-banks are attractive for applications such as speech
enhancement [4] or multiple description subband coding
[5]. The most common design approach for these filter-
banks is to use an allpass transformation of first order
where the delay elements of the analysis filter-bank are
substituted by allpass filters of first order. The synthesis
filter-bank design for such frequency warped filter-banks
is treated in several publications, e.g., [3,4,6-8].

A more general design approach is to employ an allpass
transformation of multiple order where the delay elements
of the analysis filter-bank are replaced by allpass filters of
higher order [9,10]. This concept provides a more flexi-
ble control over the time-frequency resolution, but com-
plicates the synthesis filter-bank design. Several authors
have derived an analytical closed-form design for the syn-
thesis filter-bank to achieve perfect (signal) reconstruction
(PR) [5,9,11]. However, the obtained IIR synthesis sub-
band filters are in general either unstable or anti-causal,
except for an allpass transformation of first order where
FIR filters are obtained. Another severe drawback of this
solution is the missing bandpass characteristic of the syn-
thesis subband filters [11]. This causes high signal distor-
tions if spectral modifications of the subband signals, such
as spectral weighting or quantization, are performed.

In this contribution, we solve these problems by a
novel design for a multiple order allpass transformed DFT
analysis-synthesis filter-bank (AS FB). The presented con-
strained least-squares error (CLS) design yields FIR syn-
thesis filters with pronounced bandpass characteristic.
This design by linear programming achieves aliasing-free,
near-perfect reconstruction with adjustable delay.

2 Multiple Order Allpass Trans-
formed DFT Filter-Bank

Basis for our design is a uniform DFT filter-bank where the
analysis subband filters are complex modulated versions
of a prototype lowpass filter with finite impulse response
(FIR) h(n) of length L according to

z WM Z

with Wy = exp{—j2n/M} and ¢ € {0,1,...,M — 1},
cf. [12]. A technique to achieve a non-uniform time-
frequency resolution is to perform an allpass transforma-
tion, e.g., [1-3]. The most general approach for this is
to replace the delay elements by allpass filters of multi-
ple order [9,10]. The allpass transformed subband filters
are obtained by the substitution z~" — W(z) ©"(z). This
bilinear transformation converts Eq. () into the transfer
function

L—-1

Hi(2) = W(2) ) h(n) Wif' ©"(2) (2)
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A causal, rational allpass filter of K-th order is given by

K] 2) = S 170[(]{))2’ a
A = 1150 (50)
la(k)] < 1; alk) €R; mgx{|o¢(k)|} <z (5b)

with frequency response Al (e’Q) = exp{— jap[K](Q)}
The frequency responses of the uniform subband filters of
Eq. @) and the non-uniform subband filters of Eq. @) are
related by

Hi(e??) = e B0 e g (emm)) 6)

L~ K—

with 3(2) = 9i(9) — o571 (9). (7)
The last equation reveals that the allpass transformation
causes a frequency warping where a frequency interval of
AQ = 27 is mapped to an interval of 27 on the warped
frequency scale:

[0,27] — [0,27] Q- @(Q). (8)

This function is bijective, if the continuous (unwrapped)
phase response @(2) is monotone increasing, which corre-
sponds a positive group delay

()
o0

>0. 9)
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Figure 1: Polyphase network (PPN) implementation of

the multiple order allpass transformed DFT analysis filter-
bank with downsampling by R for L =2 M.

Eq. @) and @) ensure subband filters without a comb filter
structure [9,10]. A feasible choice is A%Kﬁl](z) =z~ (KD
so that only the allpass coefficients a(k)VEk € {1,...,K}
must be determined to achieve the desired frequency res-
olution and to fulfill Eq. @), cf. [9].

An allpass transformation of first order is obtained for
K =1 so that

U(z)=1 A O(z) = Al(2). (10)
Eq. @) can be rewritten
_ Ipr—1M—1 )
Hi(z) =0(z) > h(mM+X0"" () Wiy
m=0 A=0

(11)

where it is assumed w.l.o.g. that L = [y M with [y being
integer-valued. Fig.[ll shows the corresponding polyphase
network (PPN) implementation of the analysis filter-bank,
where the discrete Fourier transform (DFT) can be effi-
ciently calculated by the fast Fourier transform (FFT)[]
The FIR synthesis subband filters are here given by

Gi(2) = Z_: g)WiT Pz L—1-n)  (12)

n=0

with g(n) denoting the FIR of the synthesis prototype filter
of length L. The coefficients of the L transfer functions

Np—1

Z p(n, A)

n=0

P(z,)) = 27" xefo,1,...,L—1} (13)

shall be determined in such a way that a filter-bank with
(almost) perfect reconstruction is obtained.

The synthesis subband filters can be expressed by the
PPN representation

M-—1

Z Gg\i[w)l Al

()Wt ie{0,1,...,M -1}

(14)

1 This PPN implementation is not the most efficient one in
case of an allpass transformation of higher order (K > 1), but
considered here for the sake of clarity.
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Figure 2: PPN implementation of the DFT synthesis

filter-bank with upsampling by R for L =2 M.

with 'modified’ (type 1) polyphase components

Iapr—1
GM(2)= " gtmM+ ) Pz, (I —m)M —1—)).
m=0 (15)

This efficient PPN implementation of this synthesis filter-
bank is shown in Fig.Bl The uniform DFT AS FB is
included as special case for U(z) = 1, ©(z) = z7* and

P(z,n) =2z~ forn € {0,1,...,L — 1}.

3 Synthesis Filter-Bank Design

The output signal of the filter-bank can be represented in
the z-domain (for an input signal of finite energy) by the
expression

R—1 M-1

V()= S XGEWR Y

r=0 =0

Hi(zWg)-Gi(z).  (16)

It can be seen that the AS FB with subsampling by R
is a linear, periodically time-varying (LPTV) system with
period R. We will take this behavior into account by de-
termining the overall transfer function of the filter-bank
for R time-shifted unit sample sequences as input, i.e.,

X(z) = z7" for I € {0,1,...,R — 1}. By this means,
Eq. ([[G) leads to the new transfer function
M—1
Ti(z) = ZWR” Z Hi(zWEg) - Gi(z) .

(17)

For our filter-bank design, a matrix representation of the
transfer function 73(z) in dependence of the unknown L N,
filter coefficients p(n,A) is required. In the following,
bold lower-case variables denote vectors and matrices are
marked by bold upper-case variables. The superscript T
indicates the transpose of a vector or matrix. Some ma-
nipulations of Eq. [[J) lead to the matrix representation
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Gi(2) =v] -D(z)" -p; i€{0,1,...,M -1} (18a)
with v; = [g(L 1), g(L —=2) Wy, ...
LMW 7D g0y Wy FTV T (18b)
D(z) =1, ®de(z) (18¢)
dn,(2)=[1,27", ..., 2~ M= T (18d)
p=I[po.pi,....,pr-1]" (18e)
pn=[p(0,n),p(1,n),...,p(N, —1,n)]"  (18f)
ne{0,1,...,L—1}. (18g)

The L x L identity matrix is denoted by I, and ® marks
the Kronecker product of two matrices. The transfer func-
tion of Eq. (I¥) can now be formulated by the compact
matrix notation

1 R—1 M-1 _
9= L Wt Y e
r=0 =0

=&(z0)-p; 1€{0,1,...,R

v; -D(2)" -p (19)

-1} (20)

where the introduced complex vector €(z, 1) is of dimension
1 x L Np.

The new representation for the transfer function ac-
cording to Eq. [[@) allows to express the condition for an
aliasing-free signal reconstruction by the simple require-
ment

Ti(z) = —1}. (21

This condition can now be cast into a matrix notation by
means of Eq. (20)

£(z7 1) - £(z7 O)
—£&(2,0

To(z) for 1€ {1,2,...,R

=

where a column vector with R zeros is denoted by Og.
This condition for a linear time-invariant (LTI) AS FB
ensures an aliasing-free signal reconstruction. In this case,
Eq. (@) becomes equal to the linear transfer function of
the filter-bank, which can be expressed by Eq. [[dl) and
@) according to

M—-1L—-1L-1

Tin() = £ ¥(2) 32 32 S Wil hn) g(p)

=0 n=0 p=0

-O"(2) P(z,L—1—-p) (23)

ZZh g(mM —1—n)
-0"(2) P(z,L—mM +n). (24)

The condition Tiin(2) L
tions and is fulfilled if

7

279 ayoids linear signal distor-

1 sm=lum
0 ;mezZ\{lm}
(25)

—1}.
(26)

g(mM —1—mn) = {

A U(z)-0"(z)-P(z,n) =2z " Vne{0,1,...,L
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Eq. [28) states a standard problem in the design of (uni-
form) AS FBs and can be either solved by analytical
closed-form expressions or numerical designs approaches
to better influence the frequency response, e.g., [12,13].

The second requirement of Eq. B8) can be expressed
by means of the matrices introduced in Eq. (&)

1
o) |
v | | e(DET ) =UG) et L
er1(z) =v(z,do)
(27)

with ©® denoting the element-wise multiplication of two
matrices of the same dimensions.

The conditions of Eq. (Z2) and Eq. (1) should be ful-
filled for N' = L N,, discrete z-values on the unit circle

—1}. (28)

Evaluating the matrix U(z) and vector v(z, do) of Eq. 1)
at these points can be expressed by the (stacking) notation

z2=Wg; ne{0,1,....N

U(1) L.
U(W, Wy -1
Ul = (.N) i v™(do) = ot
uwi WM,

(29)

In the same manner, the matrix = "'[ l'is derived from the
matrix Za(z) of Eq ). The N filter coefficients p to
fulfill Eq. 2) and Eq. Z2) can now be determined by the
equality constrained least-squares error (CLS) problem

p= argm’}n HU[N] -p f’U[N](do)

subject to .:[A p=0g_1N- (30)
This linear programming can be solved by the function
1sqlin of the MATLAB optimization toolbox. With this
design, linear distortions are minimized under the con-
straint of complete aliasing cancellation. This constrained
optimization provides synthesis subband filters with band-
pass characteristic as exemplified later.

Conceptually, the proposed concept can be extended to
an allpass transformation with complex allpass coefficients.
However, this requires to solve a set of complex-valued
equations and increases the implementation cost for the
filter-bank considerably.

The proposed filter-bank design is very general and
comprises some previous approaches as special cases. It
can be shown that the design of [7] is obtained for an
allpass transformation of first order according to Eq. (IT)
and if Eq. @) is solved without constraints. The CLS
design of [8] is included for an allpass transformation of
first order and a prototype filter length of L = M. In
this contribution, an unconstrained LS design to achieve
PR is also devised. However, this design does not ensure
synthesis subband filters with bandpass characteristic and
is hence not considered here.

4 Design Example

The design of an AS FB with M = 8 channels is considered
with a subsampling rate of R = 4 and rectangular proto-
type filter of length L = M. An allpass transformation of
second order is employed (K = 2) with allpass coefficients
a(l) = —0.5, a(2) = 0.5 and B(1) = 0. A filter length
of N, = 36 and a delay of do = 43 are used for the CLS
optimization of Eq. B0).
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(a) magnitude of the bifrequency system function
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Figure 3: Analysis of new CLS filter-bank design with
parameters L = M =8, R =4, a(1) = —0.5, «(2) = 0.5,
B(1) =0, dy = 43, N, = 36.

A filter-bank is a multi-rate system whose transfer be-
havior can be analyzed by its bifrequency system func-
tion Thi(e?2,e791), cf. [13]. This function is plotted in
Fig.Bla for the new filter-bank design. It shows no side-
diagonals which reveals a complete aliasing cancellation.
The main-diagonal of the bifrequency system function rep-
resents the linear transfer function of the system. The neg-
ligible amount of linear distortions is shown in Fig.Bb in
greater detail. These linear distortions can be even further
reduced by synthesis subband filters of higher degrees. The
plot of the magnitude responses for the synthesis filters in
Fig.Blc shows their bandpass characteristic. The different
bandwidths are caused by the frequency warping of the
analysis filter-bank whose subband filters show a similar
variation for their bandwidth.

5 Conclusions

A novel design for a non-uniform DFT AS FB with sub-
sampling is presented whose time-frequency resolution is
adjusted by an allpass transformation of multiple order.
The coefficients of the FIR synthesis subband filters are
determined by a linearly constrained least-squares error
optimization. The obtained filter-bank can achieve a com-
plete aliasing cancellation with a low amount of linear sig-
nal distortions. The FIR synthesis subband filter are sta-
ble and exhibit a distinctive bandpass characteristic, which
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is not ensured by the closed-form PR filter-bank designs
of [5,9,11]. Moreover, the signal delay is now an adjustable
design parameter and not fix. The presented approach is
very general and comprises the filter-bank designs [7,8] as
special cases. In contrast to the designs of [5,9,11], our ap-
proach provides also a solution for a PPN filter-bank where
the prototype filter length exceeds the number of channels
(L > M). The presented design by linear programming
considers a DFT filter-bank, but it can be easily extended
to other transformation kernels such as the discrete cosine
transform (DCT). The flexible control of the frequency
resolution for the devised filter-bank can be of interest for
various applications including speech and audio subband
processing systems.

References

[1] A. V. Oppenheim, D. Johnson, and K. Steiglitz, “Compu-
tation of Spectra with Unequal Resolution Using the Fast
Fourier Transform,” Proc. of the IEEE, vol. 59, no. 2, pp.
299-301, Feb. 1971.

[2] P. Vary, “Digital Filter Banks with Unequal Resolution,”
in Short Communication Digest of European Signal Pro-
cessing Conference (EUSIPCO), Lausanne, Switzerland,
Sept. 1980, pp. 41-42.

[3] G. Doblinger, “An Efficient Algorithm for Uniform and
Nonuniform Digital Filter Banks,” in Proc. of Intl. Sympo-
stum on Circuits and Systems (ISCAS), Singapore, June
1991, vol. 1, pp. 646—649.

[4] J. M. de Haan, I. Claesson, and H. Gustafsson, “Least
Squares Design of Nonuniform Filter Banks with Evalua-
tion in Speech Enhancement,” in Proc. of Intl. Conference
on Acoustics, Speech, and Signal Processing (ICASSP),
Hong Kong, China (canceled), Apr. 2003, vol. 6, pp. 109—
112.

[5] B. Shankar M. R. and A. Makur, “Allpass Delay Chain-
Based IIR PR Filterbank and Its Application to Multiple
Description Subband Coding,” IEEE Trans. on Signal
Processing, vol. 50, no. 4, pp. 814-823, Apr. 2002.

[6] E. Galijasevi¢ and J. Kliewer, “Design of Allpass-Based
Non-Uniform Oversampled DFT Filter Banks,” in Proc. of
Intl. Conference on Acoustics, Speech, and Signal Process-
ing (ICASSP), Orlando (Florida), USA, May 2002, vol. 2,
pp. 1181-1184.

[7] H. W. Lollmann and P. Vary, “Improved Design of
Oversampled Allpass Transformed DFT Filter-Banks with
Near-Perfect Reconstruction,” in Proc. of European Sig-
nal Processing Conference (EUSIPCO), Poznan, Poland,
Sept. 2007, pp. 50-54.

[8] H. W. Lollmann, G. Dartmann, and P. Vary, “Least-
Squares Design of Subsampled Allpass Transformed DFT
Filter-Banks with LTI Property,” in Proc. of Intl.
Conference on Acoustics, Speech, and Signal Processing
(ICASSP), Las Vegas (Nevada), USA, Apr. 2008, pp.
3229-3532.

[9] M. Kappelan, Characteristics of Allpass Chains and
Their Application for Non-Equispaced Spectral Analysis
and Synthesis, Ph.D. thesis, RWTH Aachen University,
Aachen, Germany, 1998, (in German).

[10] M. Kappelan, B. Strau}, and P. Vary, “Flexible Nonuni-
form Filter Banks Using Allpass Transformation of Multi-
ple Order,” in Proc. of European Signal Processing Con-
ference (EUSIPCO), Trieste, Italy, Sept. 1996, vol. 3, pp.
1745-1748.

[11] C. Feldbauer and G. Kubin, “Critically Sampled
Frequency-Warped Perfect Reconstruction Filterbank,” in
Proc. of European Conference on Circuit Theory and De-
sign (ECCTD), Krakow, Poland, Sept. 2003.

[12] P. P. Vaidyanathan, Multirate Systems and Filter Banks,
Prentice-Hall, Upper Saddle River, New Jersey, 1993.

[13] R. E. Crochiere and L. R. Rabiner, Multirate Digital Sig-
nal Processing, Prentice-Hall, Englewood Cliffs, New Jer-
sey, 1983.



	Zurück zu Inhaltsverzeichnis / Back to Contents
	Design of Multiple Order Allpass Transformed DFT Filter-Banks with Aliasing-Free Signal Reconstruction by Linear Programming
	Abstract
	1 Introduction
	2 Multiple Order Allpass Transformed DFT Filter-Bank
	3 Synthesis Filter-Bank Design
	4 Design Example
	5 Conclusions
	References




