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Abstract—Efficient digital transmission of continuous-
amplitude signals requires source coding which comes at
the price of unavoidable quantization errors. Thus, even in
clear channel conditions, the quality of the decoded signal
is limited due to these source coding errors (quantization).
Hybrid Digital-Analog (HDA) codes circumvent this limitation
by additionally transmitting the source coding error with quasi-
analog methods (discrete-time, quasi-continuous-amplitude)
with neither increasing the total transmission power, nor the
occupied frequency bandwidth on the radio channel. So far,
for HDA transmission, the potential distortion additionally
introduced by D/A and A/D conversion of the analog signal
has not been considered. In this paper, the effect of clipping
and limited resolution of this conversion on the performance
of HDA transmission is evaluated. For random variables and
speech signals, simulations verify that even with poor A/D and
D/A conversion (3 bit resolution) the HDA concept outperforms
conventional purely digital transmission systems at all channel
qualities while additionally eliminating the quality limitation
effect.

Index Terms—Hybrid Digital-Analog (HDA), clipping and
limited resolution of A/D and D/A converters

I. INTRODUCTION

Conventional digital transmission systems are based on
the source-channel separation theorem. The digitized analog
speech, audio, or video signal is processed by a source encoder
which delivers a sequence of quantized source parameters.
Thereafter, the bit stream of the source parameters is protected
by a channel encoder. These systems are usually optimized
for the expected worst-case channel condition. If a feedback
channel is not available, adaptive multi rate (AMR) tech-
niques cannot be implemented. Then, even if the receiver
experiences a better channel quality (cSNR) the signal-to-
noise ratio (pSNR) of the decoded source parameters saturates.
This saturation is caused by the inherent errors introduced
by the digital source encoder, even in the case of error-
free transmission of the coded bits. The saturation effect can
be circumvented by adding continuous-amplitude processing
and transmission. With these Hybrid-Digital Analog (HDA)
transmission systems, the transmission fidelity improves for
increasing channel qualities without the need to adapt the
coding scheme.

Skoglund et al. [1] have proposed a HDA system heavily
relying on numerical optimizations and exhaustive search in
the decoding algorithms. In [2], [3] a more efficient design for
HDA transmission benefiting from the power and flexibility
of conventional digital channel codes is presented. In the
literature, the analog error symbols are distorted only by
the noisy analog channel. Additionally, the analog signal is
distorted by the unavoidable A/D and D/A conversion when

using digital signal processing. This conversion usually comes
with limited resolution and even clipping. This effect should
not be neglected: For a compressing Archimedes spiral, an
experimental evaluation with software defined radios showed
a saturation of the quality at around 20 dB which is due to
the 16 bit converters [4]. In this paper, the performance of
HDA transmission with A/D and D/A converters with limited
resolution and clipping is considered.

II. HYBRID DIGITAL-ANALOG TRANSMISSION AND
PURELY DIGITAL TRANSMISSION

Fig. 1 shows a conventional digital transmission system.
The source vector u consists of M continuous-amplitude and
discrete-time symbols. It is source encoded with FD bits per
source symbol to in total `vD source bits, yielding the bit
vector vD. Subsequently, a digital channel code followed by
digital modulation transforms the source bits into N real-
valued symbols forming the channel input yD. Here, channel
coding and modulation is combined in one step (ccm), thus,
the ratio between the number of bits `vD and the number
of real symbols N is denoted by the coding-modulation rate
rccm

D =
`vD
N . When considering an AWGN channel, the noise

vector n disturbs the channel symbols, thereby yielding the
received symbols zD. The channel signal to noise ratio is

cSNR =
E{||yD||2}
E{||n||2}

. (1)

After demodulation, channel decoding, and reconstruction of
quantized values, ûD gives an estimate of the initial source
symbols u.

Fig. 2 illustrates the corresponding HDA transmission sys-
tem [2]. The general idea is to use a conventional digi-
tal transmission system for u and to additionally transmit
the source coding error ua

H by using continuous-amplitude
(pseudo-analog) discrete-time processing. The upper branch
of the hybrid encoder and decoder is referred to as the
digital branch and the lower branch as the analog branch.
All operations, also in the analog branch, are conducted by
digital signal processing. The continuous-amplitude symbols
are floating or fixed point variables with a precision depending
on the digital processor. All variables in the figures are already
digitized. Here, the necessary A/D and D/A conversion is
assumed to have a sufficiently high quality to not affect the
results. The digital branch is a purely digital transmission
system with D real channel per M source symbols. The analog
branch takes Achannel uses. Thus, the number of channel uses
per HDA frame is N = D + A and the coding-modulation
rate in the digital branch is rccm

H =
`vH

N−A =
`vH
D . In the
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Fig. 1. Purely digital transmission system.

hybrid encoder, the source encoder converts u to the bit
vector vH with FH bits per source symbol. The source bis
are decoded locally in the transmitter to ud

H while the source
coding error ua

H = u− ud
H is then transmitted via the analog

branch. The analog mapper uses the continuous-amplitude
function ya

H = f(ua
H) to map the entries of ua

H to the entries
of ya

H with length A and average power 1
A E{||ya

H||
2} = 1.

The ratio between the input and the output dimensions of the
block is rmapp

H = M
A . This mapping f(·) could, e.g., be a linear

amplification or a nonlinear function with a rate of rmapp
H = 1

or in case of a mapping yielding one complex symbol for one
real input symbol rmapp

H = 1
2 . After multiplexing the symbols

from the digital and the analog branch and transmission over
the AWGN channel, the received symbols are demultiplexed
and conveyed to the digital and analog decoding branches.
The analog demapper then gives ûa

H as the estimate of ua
H

which can be facilitated using several alternative methods such
as maximum likelihood (ML), minimum mean square error
(MMSE) and linear minimum mean square error (LMMSE)
estimators. The ML estimator applies the inverse function of
f(·) whereas the LMMSE estimator additionally weights the
received symbols with cSNR

(1+cSNR) before applying the inverse
function of f(·) [5]. In this paper, a linear analog mapper and
LMMSE estimation is employed. The outputs of the analog
and digital branches are added, whereby ûH gives an estimate
of the initial source symbols. Finally, the end-to-end parameter
signal to noise ratio for both systems is described by

pSNR =
E{||u||2}

E{||u− û||2}
. (2)

For a fair comparison between the purely digital and the HDA
transmission systems, the transmission power as well as the
number of channel uses N must be equal. Thus, the number
of channel uses D for the digital branch has to be lowered to
D = N −A. This can be achieved by lowering the bit rate of
the source encoder in the HDA system. Then fewer bits need
to be protected against channel noise and thus the same or even
stronger channel coding can be applied (rccm

D ≥ rccm
H ) as in the

purely digital case. However, the bit rate of the HDA system
cannot be lowered too much, since then the loss in pSNR due
to coarser quantization cannot be compensated anymore by the

analog branch. In [2], it is stated by how much the bit rate can
be lowered to design a superior HDA system for any purely
digital system. If additionally an LMMSE estimator is used as
the analog demapper, the performance of the HDA system is
superior or equal to the purely digital transmission system at
all channel qualities for AWGN and even fading channels [2].
Especially in the context of unknown radio channel qualities,
or with channel qualities which may be higher than expected
while designing the system, the HDA system exhibits the very
desirable property to increase the end-to-end pSNR with rising
channel qualities.

III. D/A AND A/D CONVERSION IN ANALOG BRANCH

In Fig. 2, it is assumed that the interface to the real world
(the actual source samples and the channel symbols) is perfect
and no additional distortion is introduced. For a real-world
system (Fig. 3), the effect of D/A and A/D conversion also
have to be considered. The captured analog (discrete-time,
continuous-amplitude) input signal ũ has to be converted
(quantizer 1 ) to the digital domain (u) before further pro-
cessing. Also the analog symbols ya

H 2 and the potentially
non-binary modulation symbols yd

H 4 of the HDA encoder
are passed through a D/A convertor at the transmitter (ỹa

H and
ỹd

H) and also the receiver employs A/D converters ( 5 & 3 ).
The impact of the A/D 2 and D/A 3 conversion in the analog
branch, which are boxed with a bold line, are considered here.
The other A/D and D/A converters also appear in a purely
digital transmission system and do, if properly designed, not
impact the performance difference between purely digital and
HDA transmission. The A/D and D/A converters ( 2 & 3 )
are modeled by a symmetric uniform mid-rise quantizer. Two
parameters are relevant: First, FTX and FRX define the number
of bits of the quantizers at the transmitter and the receiver,
respectively. Second, the range of the quantizer is relevant
((−CTX, CTX) and (−CRX, CRX)). The reconstruction values
of the uniform quantizers are in this range and all values with
greater absolute value are clipped.

A. D/A 2 at Transmitter

The aim of the parametrization of the D/A converter 2 at
the transmitter is to minimize the introduced distortion. There
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Fig. 2. HDA transmission system without consideration of D/A and A/D conversion.
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Fig. 3. HDA transmission system with A/D and D/A conversion. The properties of D/A and A/D conversion in the analog branch are considered. The variables
CTX and CRX describe the maximum range of the quantization and FTX and FRX the number of bits of the uniform quantizers.

are two effects which are considered here. First the distortion
MSEC introduced by the limited range (CTX) of the quantizer,
i.e., the clipping, and second the distortion MSEQ introduced
by quantization noise. For a given clipping level CTX and the
number of bits FTX of the quantizer, the number of quantiza-
tion levels is L = 2FTX , the step height of the uniform quantizer
is h = 2·CTX

L and the reconstruction value with the largest
value is given as m = CTX− 1

2 ·h = CTX ·
(
1− 1

L

)
. All values

outside of (−CTX, CTX) are mapped to the greatest/smallest
reconstruction value ±m of the quantizer. Thus, with the pdf
p(ya

H) of the entries ya
H of the vector ya

H to be transmitted, the
influence of clipping is calculated as [6]:

MSEC =

∫ ∞
CTX

(ya
H −m)

2 p(ya
H) dy

a
H +

∫ −CTX

−∞
(ya

H +m)
2 p(ya

H) dy
a
H.

Values within the range are mapped to the nearest reconstruc-
tion value of the quantizer. The introduced distortion MSEQ
by quantization is:

MSEQ =

L∑
i=1

−CTX+
i·h∫

−CTX+
(i−1)·h

(
ya

H − CTX

(
2i− 1

L
− 1

))2

p(ya
H) dy

a
H.

The overall introduced distortion MSETX,HW = MSEQ+MSEC
is the sum of both effects. For a given pdf p(ya

H) and a
given number of quantization bits FTX, the clipping value CTX
minimizing MSETX,HW has to be found. Greater values lead to
a smaller distortion due to clipping, but the step height h of
the quantizer grows. Thus, the distortion due to quantization
increases. Smaller values decrease the quantization noise, but
increase the impact of clipping. The optimal value is a tradeoff
which has to be found numerically for a given FTX and p(ya

H).
If, as a simple example, the source samples ũ follow a

uniform distribution and as source encoding, uniform quan-
tization is used, the pdf p(ya

H) of the analog output of the
HDA encoder also follows a uniform distribution. After the
analog mapper (Fig. 2), the average power 1

A E{||ya
H||

2} is 1
and thus its range is (−

√
3,
√
3). The numerical optimization

of the clipping value yields CTX =
√
3 which is at the same

time the smallest possible value without clipping.
For Gaussian source symbols and Lloyd-Max quantization

in the HDA encoder, the pdf of ya
H is not uniform anymore.

Then, the optimal CTX has to be found numerically. For all
permutations of the number of bits FH per source symbol in the
HDA encoder and the word length FTX of the D/A converter
in the transmitter, the optimal clipping values CTX are stated
in Table I. For rising FTX, the quantization noise MSEQ

FH↓\FTX→ 1 2 3 4 5 6 7 8

1 1.60 1.87 2.83 3.09 3.71 4.32 4.77 5.18
2 1.61 1.76 3.18 3.78 4.56 5.60 6.63 7.38
3 1.61 1.73 3.05 4.31 5.80 7.46 8.88 10.39
4 1.61 1.73 2.85 3.99 6.28 9.16 12.04 14.66
5 1.61 1.73 2.86 3.93 5.81 9.74 14.61 19.48
6 1.61 1.74 2.85 3.89 5.71 8.92 14.87 21.83
7 1.61 1.74 2.86 3.90 5.78 8.87 12.91 19.36
8 1.61 1.74 2.87 3.92 5.80 9.00 12.77 17.62

TABLE I
OPTIMAL CTX FOR D/A CONVERSION IN ANALOG BRANCH FOR

GAUSSIAN SOURCE SYMBOLS QUANTIZED WITH FH BITS IN HDA
ENCODER.

decreases and due to the above described tradeoff, the clipping
value has to be increased. This is reflected in the table. A
change of FH leads to different pdfs p(ua

H) of the analog output
of the HDA encoder which also affects the optimal CTX.
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Fig. 4. HDA transmission with different D/A converters 2 in the transmitter,
an ideal A/D converter 3 in the receiver, and a Gaussian source with FH=4.

To assess the performance of the HDA transmission sys-
tem, monte carlo simulations with a source block length of
M = 80 are conducted. First, for Gaussian source symbols,
the source encoder is a Lloyd-Max quantizer (LMQ). Here,
FD = 5 bits are used in the purely digital case, while for
the HDA case the quantizer in the source coder employs one
bit less (FH = 4). The output bits of the source encoder
are channel encoded using convolutional coding with a rate-
1
2 recursive systematic convolutional code with the generator
polynomial {1, 15/13}8 — the same code which is used
as a component code in the UMTS-LTE Turbo code. Then,
BPSK modulation is employed. To guarantee a fair comparison
between all systems, puncturing is applied to the codewords
to always yield N = 560 channel uses. In the HDA case,
D = 480 channel uses are allocated to the digital branch and
A = M = 80 channel uses to the analog branch. Figure 4
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shows the simulation results for different converters at the
transmitter for Gaussian source symbols. The curve labeled
“HDA, ideal” does not consider any distortion introduced by
D/A or A/D conversion in the analog branch. The other curves
employ an ideal A/D converter at the receiver but consider
the distortion at the transmitter. For FTX = 4 the optimal
clipping value is CTX = 3.99. Varying the value to higher
CTX = 5 or lower CTX = 3 values just slightly decreases the
performance. For FTX = 6, a different CTX = 9.16 is chosen
which leads to an improved performance. Choosing the value
which was optimal for the lower word length (CTX = 3.99)
drastically decreases the performance. Thus, the A/D should
be parametrized wisely.

For very low word lengths, i.e., FTX = 1 another effect
arises. Since the reconstruction values of the quantizers are
± 1.61

2 ≈ 0.80, the power of the transmitted values ỹa
H is

lower than the targeted power of 1 by 1.9 dB. Thus, for a
fair comparison, the power should be increased by this value
which would lead to an improvement of the performance in
pSNR of at least 1.9 dB with LMMSE estimation. Since for
increasing word lengths, e.g., for FTX = 4, this loss decreases
to just 0.22 dB, this loss is not compensated in the simulations.

B. A/D 3 at Receiver
The aim at the receiver is to minimize the overall distortion

introduced by both, the D/A and the A/D converter. Thus, not
the received symbols have to be captured as good as possible,
but the output of the receiver A/D converter should describe
the sent reconstruction levels of the quantizer as close as
possible. The analogy to a digital demodulation system is quite
close. At best, the receiver A/D converter denoises the sent
reconstruction levels. This can be achieved by using the same
parametrization at the receiver as in the transmitter, especially
when using the same clipping values (CRX = CTX). In [7] it
is shown by information theoretic means, that is is sufficient
to use the same number of quantization levels at the receiver
as discrete levels at the transmitter to achieve capacity.
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Fig. 5. HDA transmission with a fixed D/A converter at the transmitter 2
with different A/D converters 3 at the receiver. Gaussian source pdf, FH=4,
CRX=CTX=3.99.

Figure 5 shows simulation results with one fixed D/A
converter at the transmitter and different A/D converters at
the receiver. The receivers use the same clipping values as
the transmitter (CRX = CTX), but the word length is varied.
The system with the same word length (FRX = FTX = 4)
achieves the best performance, especially for channel qualities
just below the saturation of the system (cSNR ≈ 25 dB). Here,
noisy symbols are mapped to the exact sent values. Systems
with a higher world length (FRX = 8) or even without any
distortion by the receiver show an equal performance which is

slightly better at lower channel qualities (cSNR ≈ 13 dB). But
they cannot denoise the received symbols at cSNR ≈ 25 dB
and thus exhibit a big performance gap to FRX = 4.

In case of FRX = FTX, the pdf of the effective noise za
H−ya

H
is a convolution between the quantization noise of the D/A
at the transmitter, which is uniform, and a series of diracs
which emerge when choosing the wrong quantization level
from the noisy received symbols. For a small channel noise
power, the quantization levels are correct and thus, just the
quantization noise remains. In case of an “ideal” receiver, the
uniform quantization noise is convolved with the Gaussian
channel noise pdf. For small channel noise powers, the result
is always greater than for FRX = FTX, but for higher channel
noise powers (cSNR ' 18 dB) the diracs have a greater power
than the channel noise.

IV. SIMULATION RESULTS

A. Source Coding by Scalar Quantization
Figure 6 shows the performance of purely digital and HDA

transmission systems with source symbols following a uniform
pdf. The transmitter D/A and receiver A/D converters are
designed with the same parameters (CRX = CTX, FRX = FTX).
With all configurations, the performance of the HDA system
increases with rising channel qualities until a certain maximum
pSNR is reached. This limit rises with higher word lengths
of the converters obeying the 6dB-per-bit rule, i.e., for a
quantizer with one bit more, the limit increases by 6 dB.
This means that already with FTX = 2, the performance of a
purely digital system is superseded by HDA transmission. A
linear transmission system with LMMSE estimation and D/A
and A/D conversion is shown for comparison which exhibits
generally a lower performance and saturates at 36 dB due to
the 6 bit quantizers.
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Fig. 6. HDA and purely digital transmission for a uniform source pdf. The
D/A and A/D conversion in the transmitter 2 and receiver 3 in the analog
branch have the same design: CRX=CTX=

√
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Purely linear system with LMMSE estimation and D/A and A/D conversion
for comparison.

Figure 7 shows the same behavior for Gaussian source
symbols. Also here, for rising channel qualities, the pSNR
increases until a certain limit. Here, the 6dB-per-bit rule is
not obeyed. An increase from FTX = 6 to 8 bits leads to a
gain of just 8 dB instead of 12 dB. When using a converter
with a higher word length, the range, i.e, the clipping value
CTX also has to be increased which reduces the gain. A
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future improvement could be a nonlinear preprocessing prior
to the transmission via the analog branch to suffer less from
distortion due to clipping.

B. Source Coding by ADPCM Speech Coding

In Fig. 8 a lattice ADPCM speech coder [8] is employed.
The speech signal are 96 sentences from the NTT database
(16 kHz sampling rate) in “English” which sum up to a total
duration of 12 minutes and 48 seconds. The same block
lengths and channel encoding parameters as in the previous
simulations are employed. The only change to the system
depicted in Fig. 2 is in the analog mapper. Here, since the
statistics of the speech signal is unknown a-priori, for each
frame a power normalization factor is calculated, digitized and
multiplexed with the output bits of the speech encoder to be
transmitted via the digital branch. The optimal clipping values
are chosen according to the pdf of ya

H. Also for this system
employing real-world speech signals and speech encoding,
HDA transmission is superior to purely digital transmission.
A resolution of only 3 bits for the D/A and A/D conversion in
the analog branch suffices to achieve a superior performance
which can be further increased with conversion with more bits.
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Fig. 8. HDA and purely digital transmission for speech using a lattice
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Nevertheless, the requirements for D/A and A/D conversion
to achieve great performance of the analog branch of the
HDA systems are comparatively low. D/A and A/D conversion
with just 8 bit lead to a performance gain of 42 dB in pSNR
in case of source symbols with a uniform pdf, to 22 dB in

case of a Gaussian source and to 31 dB in case of speech
coding. The overall pSNR of the HDA system is the sum
of the performance of the digital branch and the analog
branch. Thus, Hybrid Digital-Analog transmission enables
high pSNRs since the basis is laid with a digital system and
the performance of the analog branch is on top. This is an
outstanding property compared to systems which only rely
on continuous-amplitude transmission as, e.g., analog modulo
block codes [9] or Archimedes spirals [4], [10]. All in all, it
can be shown that the results in [2] also hold for HDA systems
with D/A and A/D conversion, as long as their word lengths
are above FTX ≥ 3. Thus, also with D/A and A/D conversion
with limited resolution in the analog branch, HDA systems
can be designed which exhibit a superior performance than
purely digital transmission for all channel qualities.

V. CONCLUSION

In this contribution, Hybrid Digital-Analog transmission
with D/A and A/D conversion in the analog branch is con-
sidered. Their impact on the overall performance is elaborated
and it is shown how to optimally parametrize them. Simula-
tions are conducted for random variables with uniform and
Gaussian pdf employing scalar quantization as source coding,
as well as lattice ADPCM speech coding for speech signals.
Even for conversion with just 3 bits, the HDA systems always
exhibit a better performance than purely digital transmission
for all channel qualities and therefore the design rules in
[2] still hold. The big advantage of HDA transmission over
systems with only continuous-amplitude transmission is that
the performance of the analog branch is added on top to the
performance of the digital branch. Thus, very high overall
pSNR values can be reached.
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